The boundary of a quasiconvex space  by Poleksić, Aleksandar
Topology and its Applications 102 (2000) 195–202
The boundary of a quasiconvex space I
Aleksandar Poleksic´ 1
Department of Mathematics, The Florida State University, Tallahassee, FL 32306-4510, USA
Received 23 March 1998; received in revised form 10 August 1998
Abstract
We study the asymptotic geometry of quasiconvex spaces, a class of nonpositively curved metric
spaces that includes both Gromov negatively curved and CAT(0)-spaces. In particular, we define the
boundary of a quasiconvex space in a way that generalizes the Gromov boundary of a negatively
curved space as well as the visual boundary of a CAT(0)-space. This allows us to give a unified
treatment of boundaries in these two special settings. Ó 2000 Elsevier Science B.V. All rights
reserved.
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The boundary of a negatively curved space is defined either in terms of Gromov’s
hyperbolic inner product [1] or in terms of equivalence classes of fellow traveling geodesic
rays and Cannon’s combinatorial half spaces [4]. In the CAT(0) case, the boundary is
the collection of geodesic rays issuing from a base point with the topology of uniform
convergence on bounded subsegments. We unify these in the setting of quasiconvex spaces
by describing the boundary in terms of equivalence classes of fellow traveling geodesic
rays, but defining the topology by describing precisely when a sequence of such classes
converges.
Conner [5] has studied groups acting geometrically on quasiconvex spaces and has used
this setting to give unified treatments of some of the basic properties of negatively curved
and CAT(0)-actions. We see our work in this paper as continuing the development of
his unified treatment of these spaces. In a subsequent paper, we prove that the groups
Conner studied are translation discrete, thus removing an unneccesary technical condition
on Conner’s similar result.
I This paper forms a part of the author’s Ph.D. dissertation written under the direction of P. Bowers at the Florida
State University.
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Let X be a metric space. A geodesic path (or simply geodesic) joining x ∈X to y ∈X
is a map c : [0, d(x, y)] 7→ X such that c(0) = x , c(d(x, y)) = y and d(c(t1), c(t2)) =
|t1 − t2|, for all t1, t2 ∈ [0, d(x, y)]. The image of a geodesic in X is called a geodesic
segment. A map c : [a, b] 7→X is called a geodesic parameterized proportional to the arc
length if
d
(
c(t1), c(t2)
)= d(c(a), c(b))
b− a |t1 − t2|,
for all t1, t2 ∈ [a, b]. Throughout this paper, the length of the image of c will be denoted
by l(c). A geodesic ray is a map c : [0,∞) 7→ X such that d(c(t1), c(t2)) = |t1 − t2|, for
all t1, t2 > 0. Two geodesic rays c1, c2 are called asymptotic if there is M > 0 such that
d(c1(t), c2(t)) 6M , for all t > 0. A metric space X is said to be geodesic if every two
points in X are joined by a geodesic and proper if its closed balls are compact sets.
The proof of the following standard result can be found in [3].
Lemma 1. If X is a compact metric space and if σi : [0,1] 7→ X is a sequence of
geodesic paths parameterized proportional to the arc length, then there is a geodesic path
σ : [0,1] 7→X parameterized proportional to the arc length and a subsequence σi(n) of σi
such that σi(n) 7→ σ , uniformly as n 7→∞.
Lemma 2. Let X be a proper metric space, x0 ∈ X and let σi : [0, li] 7→ X, i ∈ N, be a
sequence of geodesic paths such that, for all i, σi(0)= x0 and limi→∞ li =∞. Then, there
is a subsequence σi(n) of σi and a geodesic ray σ : [0,∞) 7→ X such that σi(n) 7→ σ as
n 7→∞, uniformly on every interval [0, k], k ∈N.
Proof. We may assume that li > 1, for all i . Since B(x0,1) is compact, by Lemma 1, there
exists a subsequence σ1i of σi and a geodesic path ξ1 : [0,1] 7→X such that σ1i |[0,1] 7→ ξ1,
uniformly as i 7→∞. Passing to the subsequence we can now assume that l(σ1i )> 2, for
all i (if not, throw away those of length less than 2). Since B(x0,2) is compact, there is
a subsequence σ2i of σ1i and a geodesic path ξ2 : [0,2] 7→ X such that σ2i |[0,2] 7→ ξ2,
uniformly as i 7→ ∞. Observe that ξ2|[0,1] = ξ1. Continuing this process we obtain the
following table:
σ11 σ12 σ13 · · · 7→ ξ1
σ21 σ22 σ23 · · · 7→ ξ2
σ31 σ32 σ33 · · · 7→ ξ3
...
...
...
. . .
...
Note that the diagonal sequence converges to the geodesic ray σ : [0,∞) 7→X defined by
σ |[0,i] = ξi and that the convergence is uniform on subintervals [0, k], k ∈N. 2
Definition. A geodesic metric space X is δ-quasiconvex, δ > 0, if all geodesic triangles
in X are δ-midpoint convex, meaning that the distance between the midpoints of any two
sides of any geodesic triangle is no more than half the length of the remaining side plus δ.
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Using the tripod definition of negatively curved space [1], one can see that every δ-thin
triangle is 2δ-midpoint convex. Therefore, every negatively curved space is quasiconvex
in the above sense. Also, every geodesic triangle in a CAT(0) space is 0-midpoint convex;
hence, every CAT(0) space is δ-quasiconvex, for every δ.
The next lemma is a generalization of a result in [3] for CAT(0) spaces. On the other
hand, it is a consequence of a result provided to us by Gregory Conner.
Lemma 3. The distance function on a δ-quasiconvex space X is 4δ-quasiconvex, i.e., for
every pair of geodesic paths c1, c2 : [0,1] 7→ X parameterized proportional to arc length
and every t ∈ [0,1],
d
(
c1(t), c2(t)
)
6 (1− t)d(c1(0), c2(0))+ td(c1(1), c2(1))+ 4δ.
Proof. Define f : [0,1] 7→R by
f (t)= d(c1(t), c2(t))− (1− t)d(c1(0), c2(0))− td(c1(1), c2(1)).
This is a continuous function on a compact set so, it reaches its maximum f (t0) =M ,
for some t0 ∈ [0,1]. Without loss of generality, we may assume that t0 > 1/2 (otherwise,
consider g(t)= f (1− t)). Let P be the midpoint of a geodesic segment joining c1(2t0−1)
and c2(1). Then
f (2t0 − 1)= d
(
c1(2t0 − 1), c2(2t0 − 1)
)− (2− 2t0)d(c1(0), c2(0))
− (2t0 − 1)d
(
c1(1), c2(1)
)
= d(c1(2t0 − 1), c2(2t0 − 1))+ d(c1(1), c2(1))
−2[(1− t0)d(c1(0), c2(0))+ t0d(c1(1), c2(1))]
> 2d
(
c2(t0),P
)− 2δ+ 2d(c1(t0),P )− 2δ− 2d(c1(t0), c2(t0))+ 2M
> 2M − 4δ.
Since M is the maximum of f , 2M − 4δ 6M , i.e., M 6 4δ. 2
Lemma 4. If c1, c2 are two asymptotic geodesic rays in a δ-quasiconvex space X, then
d
(
c1(t), c2(t)
)
6 d
(
c1(0), c2(0)
)+ 4δ, for all t > 0.
Proof. Let M be the constant from the definition of asymptotic rays. Fix ε > 0 and t > 0.
By Lemma 3,
d
(
c1(t), c2(t)
)
6
(
1− t
n
)
d
(
c1(0), c2(0)
)+ t
n
d
(
c1(n), c2(n)
)+ 4δ,
for every n> t . If n > tM/ε, then
t
n
d
(
c1(n), c2(n)
)
< ε,
and so
d
(
c1(t), c2(t)
)
6 d
(
c1(0), c2(0)
)+ ε + 4δ.
As ε was arbitrary, the result follows. 2
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From now on, we will think of a geodesic joining x to y as a map c : [0,∞) 7→X such
that c|[0,d(x,y)] is a geodesic path joining x to y , and c(t)= y for t > d(x, y).
Lemma 5. Let X be a δ-quasiconvex space and c1, c2 geodesics such that l(c1) and l(c2)
are finite. Then, for every t > 0,
d
(
c1(t), c2(t)
)
6 3 max
{
d
(
c1(0), c2(0)
)
, d
(
c1
(
l(c1)
)
, c2
(
l(c2)
))}+ 4δ.
Proof. Define c′i : [0,1] 7→X, i = 1,2, by c′i (t)= ci(tl(ci )).
If t 6min{l(c1), l(c2)} then
d(c1(t), c2(t))= d
(
c′1
(
t
l(c1)
)
, c′2
(
t
l(c2)
))
6 d
(
c′1
(
t
l(c1)
)
, c′2
(
t
l(c1)
))
+ d
(
c′2
(
t
l(c1)
)
, c′2
(
t
l(c2)
))
6max
{
d
(
c1(0), c2(0)
)
, d
(
c1(l(c1)), c2(l(c2))
)}+ 4δ
+d
(
c2
(
tl(c2)
l(c1)
)
, c2(t)
)
6max
{
d
(
c1(0), c2(0)
)
, d
(
c1(l(c1)), c2(l(c2))
)}
+4δ+ ∣∣l(c2)− l(c1)∣∣
6 3 max
{
d
(
c1(0), c2(0)
)
, d
(
c1(l(c1)), c2(l(c2))
)}+ 4δ.
If l(c2)6 t < l(c1) then
d(c1(t), c2(t))= d
(
c′1
(
t
l(c1)
)
, c′2(1)
)
6 d
(
c′1
(
t
l(c1)
)
, c′2
(
t
l(c1)
))
+ d
(
c′2
(
t
l(c1)
)
, c′2(1)
)
6max
{
d
(
c1(0), c2(0)
)
, d
(
c1(l(c1)), c2(l(c2))
)}+ 4δ
+d
(
c2
(
tl(c2)
l(c1)
)
, c2(l(c2))
)
=max{d(c1(0), c2(0)), d(c1(l(c1)), c2(l(c2)))}
+4δ+ l(c2)(l(c1)− t)
l(c1)
6max
{
d
(
c1(0), c2(0)
)
, d
(
c1(l(c1)), c2(l(c2))
)}+ 4δ+ l(c1)− t
6max
{
d
(
c1(0), c2(0)
)
, d
(
c1(l(c1)), c2(l(c2))
)}+ 4δ+ l(c1)− l(c2)
6 3 max
{
d
(
c1(0), c2(0)
)
, d
(
c1(l(c1)), c2(l(c2))
)}+ 4δ.
It is easy to see that the inequality is true for the other choices of t . 2
Suppose now that X is a proper, δ-quasiconvex space and x0 ∈X. For x ∈X, let cx be a
geodesic joining x0 to x , i.e., cx : [0,∞) 7→X is a map such that cx |[0,d(x0,x)] is a geodesic
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path, cx(0)= x0 and cx(t)= x , for t > d(x0, x). Observe that, in general, cx is not unique.
Denote by [cx] the set of all cx ’s satisfying the above conditions. We may identify X with
(X,x0)=
{[cx] | x ∈X}.
If c is a geodesic ray issuing from x0, define
[c] = {c′ | c′ is a geodesic ray, c′(0)= x0, and c, c′ are asymptotic}.
Definition. Let X be a proper, δ-quasiconvex space and x0 ∈X. We define the boundary
∂(X,x0) and the closure (X,x0) of X with respect to x0 as follows:
∂(X,x0)=
{[c] | c is a geodesic ray issuing from x0},
(X,x0)= (X,x0)∪ ∂(X,x0).
Definition. We say that a sequence of points [cn] in (X,x0) converges to [c] ∈ (X,x0) if
there is n0 ∈N such that l(cn) <∞, for n> n0, and cn(l(cn)) 7→ c(l(c)) in X. A sequence
of points [cn] in (X,x0) converges to [c] ∈ ∂(X,x0) if, for every R > 0, there exists n0 ∈N
such that:
(i) l(cn) > R, for n> n0, and
(ii) for every n > n0, there exist c′n ∈ [cn] and c′ ∈ [c] that 5δ-fellow travel on [0,R],
i.e., d(c′n(t), c′(t)) < 5δ, for t ∈ [0,R].
Definition. A subset of (X,x0) is closed if it contains all its limit points. Here, a point
[c] ∈ (X,x0) is a limit point of C ⊆ (X,x0) if there exists a sequence of points [cn] in C
that converges to [c].
It is not hard to see that the union of two closed sets is closed and that the intersection
of any family of closed sets is a closed set. Therefore, the collection τx0 consisting of
complements of closed sets is a topology on (X,x0). Observe that the topology of the
metric space X coincides with the topology on (X,x0) induced from (X,x0). Also, note
that (X,x0) is open in (X,x0).
Lemma 6. Let X be a proper, δ-quasiconvex space. Given x0, y0 ∈X and a geodesic ray
σ , σ(0)= x0, there is a geodesic ray ξ , ξ(0)= y0, such that σ and ξ are asymptotic.
Proof. For i ∈ N, let ξi be a geodesic path joining y0 and σ(i). By Lemma 2, there is
a subsequence ξik of ξi and a geodesic ray ξ such that ξik 7→ ξ as k 7→ ∞. Note that,
for every t > 0, d(ξ(t), σ (t)) 6 3d(x0, y0) + 4δ, which in turn implies (Lemma 4) that
d(ξ(t), σ (t))6 d(x0, y0)+ 4δ, for every t > 0. 2
Theorem 7. For any x0, y0 ∈ X, the identity map on X induces a homeomorphism of
(X,x0) to (X,y0).
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Proof. Define f : (X,x0) 7→ (X,y0) as follows:
(i) If [cx] ∈ (X,x0) then f ([cx]) = [vx ], where vx is a geodesic joining y0 to x , i.e.,
vx : [0,∞) 7→X is a map such that vx(0)= y0, vx |[0,d(y0,x)] is a geodesic path and
vx(t)= x , for t > d(y0, x). Note that this define f as the identity mapping on X.
(ii) If [c] ∈ ∂(X,x0) then f ([c])= [v], where v is a geodesic ray that starts from y0 and
is asymptotic to c. Existence of such a ray is guaranteed by Lemma 6.
Obviously, f is one-to-one, onto, and f−1 is the map of the same type. Therefore, to
show τx0 = τy0 , it is enough to show that f is a closed map.
Start with a closed set F in (X,x0) and let [vn] be a sequence of points in f (F ) such that
[vn] 7→ [v]. We want to show that [v] ∈ f (F ). If [v] ∈ (X,y0) it is obvious, so, suppose
[v] ∈ ∂(X,y0). Fix R > 0 and choose n0 ∈N such that, for each n> n0, there are v′n ∈ [vn]
and v′ ∈ [v] that 5δ-fellow travel on
K = 2R
δ
(
4d(x0, y0)+ 13δ
)
and l(v′n) > K + d(x0, y0). Let [cn] = f−1([vn]) and [c] = f−1([v]). If n> n0 and v′n is
a ray then cn is a ray and, for n> n0,
d
(
cn(K), c(K)
)
6 d
(
cn(K), v
′
n(K)
)+ d(v′n(K), v′(K))+ d(v′(K), c(K))
6 d(x0, y0)+ 4δ+ 5δ+ d(x0, y0)+ 4δ
= 2d(x0, y0)+ 13δ.
So, for t 6R,
d
(
cn(t), c(t)
)
6 t
K
d
(
cn(K), c(K)
)+ 4δ
6 R
K
d
(
cn(K), c(K)
)+ 4δ
6 12δ+ 4δ < 5δ.
If v′n is of finite length then l(cn) > K and
d
(
cn(K), c(K)
)
6 d
(
cn(K), v
′
n(K)
)+ d(v′n(K), v′(K))+ d(v′(K), c(K))
6 3d(x0, y0)+ 4δ+ 5δ+ d(x0, y0)+ 4δ
= 4d(x0, y0)+ 13δ.
Hence, for t 6R,
d
(
cn(t), c(t)
)
6 t
K
d
(
cn(K), c(K)
)+ 4δ
6 R
K
(
4d(x0, y0)+ 13δ
)+ 4δ
6 12δ+ 4δ < 5δ.
Therefore [cn] 7→ [c]. But, since {[cn]} ⊂ F and F is closed, it follows that [c] ∈ F , i.e.,
[v] = f ([c]) ∈ f (F ). 2
A. Poleksic´ / Topology and its Applications 102 (2000) 195–202 201
Theorem 8. If X is a negatively curved space then (X,x0), as defined above, is the same
as its negatively curved compactification. The same is true if X is a CAT(0) space.
The proof is left as an exercise. The reader is referred to [2] and [3].
Lemma 9. Let B(z, r) be an open ball in X with center at z ∈X and radius r > 0. Then
the set V consisting of all [c] in (X,x0) such that every representative of [c] intersects
B(z, r) is open in (X,x0).
Proof. Let [σn] be a sequence of points in (X,x0) − V that converges to some [σ ] ∈
(X,x0). Without loss of generality we may assume that, for every n, σn does not intersect
B(z, r). Let ξ be a geodesic or a geodesic ray such that there is a subsequence σnk of σn
that converges to ξ , uniformly on bounded subsegments. Obviously ξ does not intersect
B(z, r) and [σ ] = [ξ ]. Hence [σ ] ∈ (X,x0)− V and thus (X,x0)− V is closed. 2
Theorem 10. (X,x0) is second countable.
Proof. Since X is proper, for every n,m ∈ N, B(x0, n) can be covered by finitely many
open balls of radius 1/m. Let {B(zi,1/m)}i,m∈N be the collection of all these balls
and B1 = {U(zi,1/m)}i,m∈N, where U(zi,1/m) = {[cx] | x ∈ B(zi,1/m)}. For i ∈ N,
denote by V (zi ,5δ + 1) the open set, described in Lemma 9, corresponding to the ball
B(zi,5δ + 1). Let B2 = {V (zi,5δ + 1)}i∈N. We will show that B = B1 ∪ B2 is a basis
for (X,x0). If S is an open set in (X,x0) and [c] ∈ S ∩ (X,x0) then, since the topology
on (X,x0) induced from (X,x0) is the same as the topology on (X,x0) and B1 is a
basis for (X,x0), there is U ∈ B1 ⊂ B such that [c] ∈ U ⊂ S. If [c] ∈ S ∩ ∂(X,x0) then,
for every n ∈ N, there is i(n) ∈ N such that c(n) ∈ B(zi(n),1). Note that, for some n,
[c] ∈ V (zi(n),5δ+1)⊂ S; otherwise, there would be a sequence {[cn]} ⊂ (X,x0) such that
[cn] 7→ [c] and, for every n, [cn] /∈ S. 2
Theorem 11. (X,x0) is compact.
Proof. (X,x0) is sequentially compact (see Lemma 2) and second countable. 2
Theorem 12. (X,x0) is metrizable.
Proof. Lemma 9 implies that (X,x0) is Hausdorff. Since (X,x0) is also compact, it is
regular. The result follows from Urysohn’s metrization theorem. 2
Note that we defined the boundary and the compactification of X with respect to the
base point x0. We can omit the reference to the base point as follows:
Define the set ∂X of boundary points of X as the set of equivalence classes of geodesic
rays (not necessarily based at the same point) with two rays c1, c2 being equivalent if and
only if they are asymptotic. Denote the equivalence class of c by [[c]]. Let X = X ∪ ∂X
and define the topology µx0 on X by U ∈ µx0 if and only if the “corresponding” set
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Ux0 ∈ (X,x0) belongs to τx0 . Here, we assume that x ∈ X ⊂ X corresponds to [cx] ∈
(X,x0) ⊂ (X,x0) and [[c]] ∈ ∂X ⊂ X corresponds to [c′] ∈ ∂(X,x0) ⊂ (X,x0) where c
and c′ are asymptotic. By Theorem 7, for every x0, y0 ∈ X, µx0 and µy0 are the same.
Since (X,x0) and X are homeomorphic, X is compact and metrizable. Also, the metric
topology on X is the same as the topology on X induced from X and X is an open set in
X.
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